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Abstract 
A minimal point disconnecting set S of a graph G is a nontrivial m-separator, where m=IS), 
if the connected components of G-S can be partitioned into two sets each of which has at least 
two points. A 3-connected graph is quasi 4-connected if it has no nontrivial S-separators. Let 
G be a quasi 4-connected graph. It is proved that (i) if G is nonplanar with 7 or more points then G 
is either isomorphic to Cs(1,4) or Ks is a minor of G and (ii) if G is planar with 9 or more points 
then G is K, x Cs or K, 2 z is a minor of G. Some well-known results follow from this as . 
corollaries. 
Introduction 
Graph theoretic terminology used here generally follows [S]. We denote the point 
set and the edge set of graph G by Y(G) and E(G) respectively. The set of points 
adjacent to a point UEG is denoted by Adj,(u). An edge x = {u, u> with end points 
u and v is denoted by uv. If x = uv is an edge of G then by the contraction of edge x, we 
mean deleting x and identifying the points u and u to a single point. A graph H is 
contractible to a graph G if G is obtained from H by a sequence of zero or more edge 
contractions. A graph H is a minor of G, denoted H 6, G, if G has a subgraph 
contractible to H. By H $ m G we mean H is not a minor of G. By Hz G we mean graph 
H is isomorphic to G while H x G means H is not isomorphic to G. An edge uu is said 
to be subdivided when it is replaced by two edges, say uw and WV, where w is a degree 
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2 point in the resulting graph. A graph H is a subdivision of graph G if H is obtained 
from G by a sequence of edge subdivisions. 
The union of two graphs G1 and Gz is that graph G with V(G) = V(G,) u V(G,) and 
E(G)=E(G,)uE(G,). The graph formed by the union of m copies of the graph G is 
denoted as mG. The join of two graphs G and H, denoted G+ H, is the graph 
consisting of Gu H and all edges between points of G and points of H. The Cartesian 
product of graphs G1 and G2, denoted Gr x GZ, is the graph with V(G1 x G2)= 
V(G,) x V(G,), and two points u = (ur , u2) and v = (or, v2) are adjacent in the Cartesian 
product whenever u1 = v1 and u2 is adjacent to v2 in Gz or symmetrically if u2 = v2 and 
ur is adjacent to v1 in G,. 
Suppose S is a minimal point disconnecting set of a connected graph G. We say that 
S is a nontrivial m-separator of G, where ISI = m, if the connected components of G-S 
n 
Fig. 1. The graphs K,, K,,,.2r C,(1,4) and KZ x C5. 
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can be partitioned into two sets A and B such that 1 V(A)1 22 and 1 V(B)1 2 2. A 3- 
connected graph is quasi 4-connected if it has no nontrivial 3-separators. 
We prove the following. Let G be a quasi 4-connected graph. If G is nonplanar then 
K5 f m G or G z C,( 1,4) or G is a spanning subgraph of K3 + 3K 1. If G is planar then: 
(i) K2 x C4 d ,,, G, or G z C5 + 2K 1 or G is a subgraph of graph P or Q and, 
(ii) K 2,2,2 6, G or Gz K2 x C, or G is a subgraph of graph Q. Graphs 
K~,Kz,z,~rC&4), K2 x C, are shown in Fig. 1 and graphs K2 x CLIP and Q are 
shown in Figs. 2, 3 and 4. An immediate consequence of the above is that K5 <,G 
Fig. 2. The graph K2 x C4 
Fig. 3. The graph P. 
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Fig. 4. The graph Q 
whenever G is nonplanar and 4-connected, a result first proved by Halin [3]. Halin 
and Jung [4] showed that if K, $,,, G and K2,2,2 $,,, G then the minimum degree 
6(G)<3. Recently, Arnborg, Proskurowski and Corneil [l] and Satyanarayana and 
Tung [8] independently showed that a graph is a partial 3-tree if and only if G has no 
Kg, Kz.2,2, Cs(l, 4) or K2 x C5 as minors. We show that these two results follow easily 
from the properties of quasi 4-connected graphs. 
Minors of quasi 4-connected graphs 
A simple path between two distinct points u and v in G is denoted by PG(u,v). 
Suppose H is a subdivision of G. The degree 2 points of H that are not the points of 
G are called the internal points of H while the points of H that are in V(G) are the key 
points of H. Clearly, for each edge UVEE(G), there is a unique path PH(u, u) in H such 
that each point in PH(u, v), except u and v, is an internal point of H. Such a path is 
referred to as a m-chain and is denoted by C(u, u). The set of internal points of H that 
are on C(u, v) is denoted by IC(u, v). The points u and v of a chain C(u, V) are said to be 
chain-adjacent in H. 
Nonplanar quasi 4-connected graphs 
Lemma 1. Let G be a 3-connected graph. Then: 
(i) Zf K5$,,,G and Cs(l,4)<<,G then GzCCs(l,4). 
(ii) I. K5gmGG, KZ,Z,Z $,,,Gand K2xCg<,,,G then GzK2xC5. 
Proof. Let HI be a graph obtained by adding an edge between two nonadjacent 
points of Ca(l,4). It is easy to verify that K5 6, HI. Let H2 be any graph obtained by 
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adding an edge between two nonadjacent points of K2 x C5. Then K2,2, 2 6, H2 or 
K, <, H, depending on whether Hz is planar or not. 
(i) Let M be a subgraph of G that is contractible to Cs(l,4). Since C,(1,4) 
is 3-regular, it follows that M is a subdivision of C8(1,4). Let K be the set of key 
points of M. 
If M xC,(1,4) then there is an internal point u on a chain, say C(a, b), of M. Since 
G is 3-connected there must be a path Po(u, w), WEK - {a,b), such that 
Po(u, w)n{a,b)=@ Let u1 =u,u*, . . . , uk = w be the sequence of points as they occur 
on Po(u, w). Pick the largest integer i such that UiEC(a,b). Let j>i be the smallest 
integer such that uj~M. Consider the path segment Po(Ui,Uj) E PG(u, w). Clearly 
PG(~~,uj)nM={ui,~~}. It is easy to see that HI <,,,MUPa(~i,uj) and therefore 
K5<,,,G. Hence MzC8(1,4). 
Next suppose M xG. Since HI $,,, G, there is a point UEG- M. Again, the 3- 
connectivity of G implies that there are three point disjoint paths P,(u, a), P,(u, b), 
PG(u,c) from u to three points a, b, c of M not containing other points of M. Since 
M has no triangles there are at least two points in {a, b,c), say {a, b}, such that 
ub$E(M). Then let P,(a, b)=P,(u,u)uP,(u, b). Clearly P&u, b)n M = {a, b} and 
MuPo(u, b) is a subdivision of HI. Then K5 Q, G, a contradiction. Thus 
GxMzC8(1,4). 
(ii) This proof is obtained from the proof of (i) by replacing the phrase ‘KS’ with 
‘K 2,2,2 or KS’, C,(1,4) with K2 x C5 and HI with Hz. q 
The following proposition is a direct consequence of a result due to Halin 
[7, p. 1551. 
Proposition 2. Suppose G is a nonplanar graph such that K5 $ m G and C,( 1,4) $ m G. 
Then there exists an S E V(G) such that ISI = 3 and G-S has at least 3 components. 
Hence if ) V(G)1 > 6 then G is not quasi 4-connected. 
The following lemma is immediate from Lemma 1 and Proposition 2. 
Lemma 3. Suppose G is a nonplanar quasi 4-connected graph with (V(G)1 >6. If 
GxC,(1,4) then K,d,G. 
Theorem 4 is a consequence of Lemma 3 and the well-known fact that a graph G is 
planar iff K, $ m G and KS, j 6 m G. 
Theorem 4. Let G be a nonplanar quasi 4-connected graph. Then one of the following 
holds: 
(a) K,d,G, 
(b) G=C~,(124), 
(c) K3,3 is a spanning subgraph of G and further G is a spanning subgraph of 
K,+3K,. 
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Planar quasi I-connected graphs 
We prove two results on planar quasi 4-connected graphs that are analogous to 
Theorem 4. Graphs K2 x Cd, P and Q are shown in Figs. 2, 3 and 4 respectively. 
Lemma 5. If G is a planar quasi 4-connected graph with IV(G)1 28 then one of the 
following holds: 
(a) K2xC4<,,,G. 
(b) G is a spanning subgraph of either P or P-g or P-g-h. 
Proof. Case 1: G is 4-connected. 
We show that G has two point disjoint cycles, each having 4 or more points. Then 
by Menger’s theorem it follows that K, x C4 ,< m G. 
Case 1.1: G has aface F with 4 or more points. 
Let I’(F) be the point set of F. Then for every pair (a, u> c V(G)- V(F), there are at 
least two point disjoint paths PI (u, u), Pz(u, v) such that PI(u, u)n V(F) =8 and 
Pz(u, u) n V(F) = 0. Thus the subgraph induced by V(G) - V(F) is 2-connected. More- 
over, 1 V(G) - V(F) 13 4, since G is planar and every point in V(F) is adjacent to at least 
two points in V(G) - V(F). Thus, G - I’(F) contains a cycle having 4 or more points 
and this cycle is disjoint from F. 
Case 1.2: G has no face having 4 or more points. 
Then G is maximal planar and there is a point w in G with deg(w)= k> 5. Pick 
a maximum degree point w. Let H be the subgraph induced by {Adj(w)u w}. The 
planarity and 4-connectivity of G then implies that H-w is a chordless cycle and 
G- V(H) is connected. Thus each point in Adj(w) is adjacent to a point in G- V(H). 
Then contracting the edges of G- V(H) yields the minor Nz Ck +2K1. If kk6, then 
K, x C4 < m N so that Kz x C4 < ,,, G. Hence assume k = 5. Note that C5 + 2Kr is not 
a subgraph of G, for otherwise, since 1 V(G)1 B 8, G is not 4-connected. Thus there are 
edges au, ua and ub such that WEH - w, {a, b} z V(G)- V(H) and a# b. Then the 
subgraphs H-u-u and (G - V(H))u {au, uv, ob) contain cycles with four or more 
points. 
Case 2: G is not 4-connected. 
Then the quasi 4-connectivity of G implies that G has a degree 3 point U. Let 
Adj (u) = {a, b, c} and consider 
G’=(G-u)u {xy: {x,y} z Adj(u) and xy$E(G)}. 
We say G’ has been obtained from G by splitting u. Clearly, G’ is quasi 4-connected 
and deg,.(x) 24, XE{U, b, c}. Moreover, if M is a minor of G’ such that M z K2 x Cd, 
then M contains at most two of the edges {ab, bc,ac}, because K2 x C4 has no 
triangles. Hence, if K, x C4 Q, G’ then K, x C4 < ,,, G. Let Hi be the graph obtained 
from G by splitting degree 3 points in the sequence wi, . . . , Wi. Let H = H, be such that 
either ( V(H)\ = 4 or the minimum degree 6 (H) > 4. Note that m >, 1 and let HO = G. We 
claim that 1 V(H)1 >4. Suppose otherwise, then Hz K4 and m 34. Since G is quasi 
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4-connected, for any pair i, je { 1, . . . , m>, i #j, we have Adj,(wi) # Adjc(wj). Then VI = 4 
and G is isomorphic to graph Q. But K2 x C4 < m Q. Thus 6(H) 24; as H is quasi 
4-connected, we conclude that H is 4-connected and ( V(H)1 26. We have three cases. 
Case 2.1: ) V(H)1 B 8. 
Then by Case 1, K2 x C4 < m H, therefore K 2 x C4 < ,,, G. 
Case 2.2: 1 V(H)/ = 7. 
Then 146 E(H)< 15 and G is either 4-regular or maximal planar. Every 4-regular 
graph on 7 points is nonplanar [6, p. 2471. Hence G is maximal planar and it follows 
that H~C~+2K,.ThenK,xC~B,H,_~,thereforeK,xC,6,G. 
Cases 2.3: (V(H)\ = 6. 
Then HZ K,, 2, 2 and m 3 2. Consider the graph H, _ 2. If 
Adj(w,_,)nAdj(w,)=@ or lAdj(w,_,)nAdj(w,J=2 
then K2 x C4 d m H,_ 2. If Adj(w,_ i) = Adj (w,) then H, _ 2 is not quasi 4-connected. 
Thus 
JAdj(w,_,)nAdj(w,)J = 1. 
Likewise, in general 
lAdj(wJnAdj(wj)l=l, jE{i+ 1, . . . ,m} 
for otherwise either K, x C,<, Hi- 1 or Hi_ 1 is not quasi 4-connected. Hence 
mQ4,H,zP, H,_i=P-g, H,_ 1 z P - g - h and we conclude that G is a spanning 
subgraph of Hi,iE{m-2,m-1,m). q 
The following theorem is a consequence of Lemma 5 and its proof. 
Theorem 6. If G is a planar quasi 4-connected graph then one of the following holds: 
(a) K2 x C+<,,,G. 
(b) GxC5+2K1. 
(c) GEP or GcQ-e. 
Lemma 7. Suppose G is a planar, quasi 4-connected graph, Gx K2 x Cs and 
K 2,2,2 $,,, G. If M is a subgraph of G such that M is a subdivision of K2 x C, then 
MxKzxCq. 
Proof. It is easy to verify that the graphs Jr, J, and J, of Fig. 5 have K2,2,2 as 
a minor. Let K= {a, b, c,d, e,J;g, h) be the key points of M, as shown in Fig. 2. If 
M xK, x Cq, let u be an internal point of some chain, say C(a,d) in M. Since G is 
3-connected there exists a path PG(u, z), ze{b, c, e,f}, such that P&L, z) n (a, d} =@I. Let 
Ui =u, U2, . . . , uk = z be the sequence of points as they occur on PG(u, z). Pick the largest 
integer i such that ui~C(a,d). Let j> i be the smallest integer such that uj~M. Since 
G is planar, Ui and uj are on the same face of M. Consider the path segment 
PG(ui, uj) s P,(u, z). Clearly Po(ui, uj)nM = (ui, Uj}. If ujEIC(b, C) of ujeZC(e,f) then 
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J1 : J2 : 
n 
J, : 
Fig. 5. The graphs J,, .I, and J3. 
M uP,(ui, Uj) is a subdivision of K2 x C5. Hence K2 x C5 <,G and by Lemma 1, 
GzKKZ~C5, a contradiction. So Uj belongs to either C(a,x),x~(b, e} or 
C(d, y), YE {c,f}. Without loss of generality let UjE C(d, c). 
We claim that there is a path P,(d, w) such that w~{b, e,g> and P&f, w)n {a, c,f} =8. 
For otherwise, G - {a, c, f} is not connected and the components of G - {a, c, f> can be 
partitioned into graphs A and B such that (b, e, h, g} c V(A) and (d, a} c V(B). Then 
G is not quasi 4-connected. Hence P,(d, w) exists; let v1 =d, v2, . . . , uk = w be the 
sequence of points as they occur on P,(d, w). Pick the largest integer i such that 
L+EM uPG(ui,uj) and Vi is not chain-adjacent to w in M. Let j>i be the smallest 
integer such that VIE M and Vj is chain-adjacent to w. Moreover, as G is planar Ui and Uj 
are on the same face of M. Consider the path segment PG(0I.y Uj) c P,(d, w) and we 
have P~(~i,~j)n(MuP~(~i,~j))={~~,vj}. Let N=MUPG(Ui,Uj)UPG(Vt,Vj). Note 
that rj&{ni,uj~%c,f}. As ri${&c,S) and is not chain-adjacent to w, we have the 
following cases depending on the position of w and vi. In each of these cases we show 
that J1 <,,, G or J2 <,,, G or J3 < ,G, yielding the contradiction that K2,z, 2 <,G. 
Case 1: w=b. 
(i) If oieC(a, ui) or ui is an internal point of PG(Uir uj). Let IV’ be the graph obtained 
from N by contracting chain segments C(b, vi), C(Vi, uJ and C(c, Uj). Clearly N’ is 
a subdivision of J1. 
(ii) If oi~C(c, uj), then by contracting segments C(b, Uj), C(U,UJ and C(ei, Uj) we 
obtain a minor homeomorphic to Ji. 
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Case 2: w=e. 
(i) If uiEC(d,f) then contracting the chain segments C(e,vj), C(Ui,d) C(a,ui) and 
C(c, uj) in N, a minor homeomorphic to J, is obtained. 
(ii) If oiEIC(a,d) then by contracting C(e, vi), C(ui, oi) and C(c, uj) a minor homeo- 
morphic to Jz is obtained. 
Case 3: w=g. 
This case is symmetric to that of Case 2. 
Hence M has no internal points and M z Kz x Cd. 0 
Lemma 8. Let G be a planar quasi 4-connected graph with IV(G)\ > 8. Zf Gx K2 x C5 
then K 2,2,2GmG. 
Proof. Suppose K2. 2, 2 $m G. Since G is quasi 4-connected, by Lemma 5, G has 
a subgraph M that is a subdivision of K2 x C4 and by Lemma 7, M x K2 x Cq. Let 
K = {a, b, c, d, e,f; g, h} be the key points of M, as shown in Fig. 2. As ) V(G)/ >8, there is 
a point UEG- M. Moreover, in any planar embedding of G, u is enclosed inside some 
face, say (e,x g, h), of M. The 3-connectivity of G implies that there exist three point 
disjoint paths PG(u, x), Pc(u, y) and P~(u, z) such that {x, y,z} s {e,f, g, h} and 
P&u, w)n M= w, w~{w,y,x}. Without loss of generality, let (x,y,z} = (e,f,g}. Then 
the subgraph M’ = M u P,(u, e) u Po(u,f)u Po(u, g) - ef-fg is a subdivision of 
K2 x Cq. However M’x K2 x Cd, contradicting Lemma 7. 0 
Theorem 9. If a graph G is planar and quasi 4-connected then one of the following 
holds: 
(a) K 2,2,2GmG 
(b) GzK2 x C5 
(c) G c Q. 
Proof. If 1 V(G)\ > 8, by Lemma 8, either (a) or (b) holds. Hence assume ) V(G)\ < 8. It is 
easy to verify that every planar graph G x K2, 2, 2 on 6 or fewer points is a subgraph of 
Q-e-g. 
Suppose (V(G)\ = 7. If G is 4-connected then, as shown in Case 2.2 of Lemma 5, 
GzC5+2K1.Then K 2, 2, 2 < ,,, G. So assume that G is not 4-connected. Let S = {x, y, z) 
be a point disconnecting set of G. Since G is quasi 4-connected, we conclude that there 
is a degree 3 point u such that u is adjacent to S. Consider the subgraph s’ induced by 
S in G. Let {ui, u2, u3} = V(G) - (x, y, z, u}. We have two cases. 
Case (i): There exists S such that E(S’)#@ 
Then, if stcE(S’), contract the edge UW, w = (x, y, z} -{s, t}, to obtain a minor H of 
G with IV(H)(=6. If Hz:K~,~,~ then (a) holds; else H is a subgraph of Q-e-g. 
Moreover, as G is quasi 4-connected, {x, y, z) is either {c, h, f } or {a, h, f} in Q-e-g. 
Thus G is a subgraph of either Q -e or Q-g. 
Case (ii): For each S, E(S’) = 8. 
If every point WE(X, y, z} has deg,(w) > 3, K 3, 3 is a subgraph of G-u and G is not 
planar. Thus there is a point, say x, such that deg,(x) = 3. Without loss of generality, 
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let {u, uI,uz} be the points adjacent to x. Then u,u,$E(G) and the 6-point graph 
H = G-U u {xy, yz, zx} is not maximally planar. Thus H x KZ, 2, t and H is a subgraph 
of Q - e -9. As in (i), G is a subgraph of either Q -e or Q -9. 
Suppose IV(G)/ =8 and K2,2,2 $,,, G. By Lemma 5, G has a spanning subgraph 
M x K, x Cq. Let K = {a, b, c, d, e,f g, h} be the key points of M, as shown in Fig. 2. 
Partition the points of K into sets A = {a, c,f; h} and B= (b, d, e, g}. Observe that for 
every edge xygE(G)- E(M), we must have {x, y} in either A or B, for otherwise G is 
nonplanar. Moreover, if xy and wz are edges in E(G) - E(M) such that {x, y) E A and 
(w, z} c B then K 2, *, 2 d m G. Thus the endpoints of all edges of E(G) -E(M) are either 
in A or in B but not both. Then G E Q. q 
Some corollaries 
The following result of Halin [3] and [2, p. 2521 is immediate from Theorem 4. 
Corollary 10. If a graph G is nonplanar and 4-connected then Ks < ,,, G. 
We need the following for the next colorrary. 
Proposition 11. Suppose {a, b, c) is a nontrivial 3-separator of a 3-connected graph G. 
Let G1 and G2 be subgraphs so that V(G,)uV(G,)=V(G), E(G,)nE(G2)=@ and 
V(GI)n V(G,)= (a, b,c} and IV(GJ- {a, b, c>I 22, i= 1,2. Then Gi = GNU {ab, bc,ac} is 
a minor of G. 
Proof. Let {u,u} E V(G,)-{a,b,c}. S ince G is 3-connected, there are three point 
disjoint paths P,(u, a), PG(u, b) and Pc(u, c). Call the subgraph formed by the union of 
these three paths a u-fan. We have two cases. 
Case 1: One of the paths of the u-fan, say Po(u,a) has two or more edges. 
Let v be the point adjacent to a in PG(u,a). Consider a u-fan with paths 
P,(v, a), PG(u, b) and PG(u, c). We may assume that in this u-fan, PG(v, a) is the edge ua. 
Then there is a path Pc(v, w), we{b, c}, in the v-fan such that u#Pc(v, w). Let v1 = u, 
u2, . . . , uk = w be the sequence of points as they occur on PG(v, w). Pick the largest 
integer i such that v+Po(u,a). Let j>i be the smallest integer such that 
vj~Pc(u, b)u Po(u, c). Without loss of generality assume vjEPo(u, b) and consider the 
path segment P&q, a) z Po(u, a). Then contracting the edges of Po(q, a), Po(vj, b) and 
P&u, c), yields a homeomorphic triangle between {a, b, c}. Graph G; is obtained by 
further edge contractions and deletions where necessary. 
Case 2: All paths of the u-fan are single edges. 
Consider a u-fan and if one of the paths on the v-fan has two or more edges then we 
have Case 1. Hence all paths of the v-fan are also edges. Clearly there exists an 
appropriate edge deletion and contraction sequence that yields G; . 
Thus G; <,,, G. Likewise G; <,,, G. q 
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A point in a graph G is simplicial if Adj(u) induces a clique in G. A graph on n points 
is a k-tree if it can be reduced to Kk by the repeated deletion of simplicial points of 
degree k. A partial k-tree is a subgraph of a k-tree. It is well known that the class of 
partial k-trees are closed under minor taking. Proposition 12 follows easily from the 
definition of partial k-trees. 
Proposition 12. Suppose that G, and G2 are the subgraphs of a graph G such that 
G1 u G2 = G and G1 n G2 is a clique. Then G is a partial k-tree ifs both G1 and G2 are 
partial k-trees. 
The following result, proved independently in [l] and [8], is a consequence of 
Theorems 4 and 9. 
Corollary 13. A graph is a partial 3-tree iff it has no minor isomorphic to K,, K2,2,2, 
C,(1,4) or K2 x C5. 
Proof. It is easy to see that Kg, K2,2,2, C,(1,4) and K2 x C, are not partial 3-trees. 
Since partial 3-trees are closed under minor taking, Ks, K2, 2, 2, C,(l, 4) and KZ x C5 
are not minors of any partial 3-tree. 
Suppose G is not a partial 3-tree. Let H be a minor of G such that every proper 
minor of H is a partial 3-tree but H is not. Proposition 12 implies that H is 
2-connected. Suppose H is not 3-connected and {a, b} disconnects H. Let HI 
and Hz be subgraphs so that V(H,)u V(H,)= V(H), E(HI)nE(H2)=@ and 
V(H,) n V(H,) = {a, b}. Let Hf = Hi u ab, i = 1,2. Since H, is connected there is a path 
P(a, b) in Hz; thus Hi d ,,, H. Likewise Hi d ,,, H. As Hi and Hi are partial 3-trees, 
by Proposition 12, H u ab is a partial 3-tree. Then H G (H uab) is a partial 
3-tree, a contradiction. Hence H is 3-connected. If H is not quasi 4-connected, by 
Proposition 11, there are proper minors H, and Hz such that HE HI uH2 and 
H, n H2 =K3. Then, by Proposition 12, H is not a partial 3-tree. Thus H is quasi 
4-connected. The corollary follows from Theorems 4 and 9 and the fact that the 
graphs K3 + 3K, and Q are partial 3-trees. 0 
Lemma 1 and Corollary 13 yield the following. 
Corollary 14. Let G be a graph such that K5 6 ,,, G and K2, 2, 2 $ ,,, G. If H is a minor of 
G such that H is 3-connected without multiple edges then one of the following holds: 
(a) H is a partial 3-tree. 
(b) HzCa(1,4). 
(c) HzK, x C5. 
The following result, first proved by Halin and Jung [4] and [2, p. 3731, is 
a consequence of Corollary 14. 
256 T. Politof, A. Saiyanarayana 
Corollary 15. If G is a graph with minimum degree 6(G) 24 then K5 <,,, G or 
K 2,2,2GmG. 
Proof. Suppose otherwise. Let H be a connected component of G. First if H is 
3-connected, by Corollary 14, 6(G) ~4. Next suppose H is 2-connected. Let (a, b} be 
a disconnecting set such that Hi u H2 = H, V(H,) n V(H,) = {a, b} and Hi has a few 
points as possible. Consider the graph H’ obtained from H1 by adding the edge {a, b}, 
if it is not already present in Hi. Since 6(G) 2 4, deg,(u) > 4 for each UE V(H’) - (a, b} 
and H’ is a 3-connected minor of G. Moreover, H’ is not a partial 3-tree because 
a partial 3-tree on 5 or more points must have two nonadjacent points of degree ~4. 
Then H’ contradicts Corollary 14. Finally, suppose H is not 2-connected. Let H” be 
a block of H such that V(H”)n V(H)= u. If H” is 3-connected then we have a contra- 
diction to Corollary 14 because H” has at most one point of degree <4. If H” is not 
3-connected then we can pick a separating pair (a, b) such that HI uH2= H”, 
VHJn f-‘(Hd={a,b}, v$Hl and HI has as few points as possible. Then, as in the 
previous case, H’ is a minor contradicting Corollary 14. 0 
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